LPTENS 02/63 
hep-th/0212217 



Relativistic String in a Pulse 



Constantin Bachas 
LPTENS, 24 rue Lhomond, 75231 Paris cedex 05, France 1 



Abstract: I study a relativistic open string coupling through its endpoints to a 
plane wave with arbitrary temporal profile. The string's transverse oscillations respond 
linearly to the external field. This makes it possible to solve the classical equations, and 
to calculate the quantum-mechanical S-matrix in closed form. I analyze the dynamics 
of the string as the characteristic frequency and duration of the pulse are continuously 
varied. I derive, in particular, the multipole expansion in the adiabatic limit of very long 
wavelengths, and discuss also more violent phenomena such as shock waves, cusps and 
null brane intersections. Apart from their relevance to the study of time-dependence in 
superstring theory, these results could have other applications, such as the teleportation 
of gravitational wave bursts by cosmic strings. 
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1. Introduction and Outlook 

Many authors have considered relativistic strings moving in the background of a plane- 
fronted wave [1-25]. The original motivations were the study of the high-energy scattering 
of fundamental strings [26] [1], and of the fate of null spacetime singularities [3] [4]. More 
recently, interest in pp-wave backgrounds has been mainly spurred by their conjectured 
holographic relation to limits of supersymmetric gauge theories [7] , and because they pro- 
vide simple models of time dependence in string theory. Finally, the interactions of cosmic 
strings 2 with electromagnetic and gravitational waves may have played an important role 
in primordial cosmology, and can be the source of detectable gravity waves today. 

A plane-fronted gravitational wave is described in Brinkmann coordinates by the fol- 
lowing metric and curvature tensor : 

ds 2 = -2dx + dx~ + rfxrfx + H(x + , x)(cte+) 2 and R i+j+ = didjH . (1.1) 

To study a relativistic string in this background, it is convenient to go to the light-cone 
gauge, X + = p + r, in which H(p + r, X) is a time-dependent potential for the transverse 
coordinates. The dynamics simplifies greatly in the case of waves with planar symmetry, 
also called exact plane waves [28], for which Ri+j+ is constant on the wavefronts. In 
this case H = Aij {x Jr )X l X^ so that the X(cr, r) are free worldsheet fields, with a mass 
matrix that depends only on time. Even this simple problem is, however, still too 
hard to solve, except for special time profiles [3] [6] [8] [25] including of course the maximally 
supersymmetric cases [29] where A^ is constant. The difficulty can be essentially traced 
to the fact that, although the X(ct, r) obey a linear equation, they have a highly non-local 
and non-linear dependence on the wave profile. 

In this paper I show that the problem simplifies further for an open string that couples 
to a plane wave only through its endpoints. Such waves are electromagnetic rather than 
gravitational, or they may correspond to geometric vibrations of D-branes. The striking 
fact about them is that they enter as a source term in the field equations for X(a, r), so that 
transverse string oscillations respond linearly to the incident wave. This means that one 
can solve the classical equations, and compute the exact quantum mechanical S-matrix, for 
any temporal profile of the incident pulse. We will thus study the dynamics of the string 
as the characteristic frequency and duration of the pulse are continuously varied. I will 

2 For a review of cosmic strings see [27] . 



show, in particular, how the process of string excitation, invisible in the long-wavelength 
multipole expansion, becomes the dominant effect for characteristic frequencies of the order 
of (a'p + )~ 1 , where a' is the Regge slope and p + the conserved light-cone momentum. 

Because of their great simplicity, these plane waves are privileged backgrounds for the 
study of time dependence in string theory. In contrast to other recent works, where open 
strings have been attached to D-branes in a gravitational pp-wave [9] [10] [12] [13] [15] [18], 
here the worldsheet theory is both massless and free. Furthermore, the freedom to choose 
the wave profile makes it possible to regularize both the ultraviolet and the infrared, so 
that the first quantized theory has a well defined, albeit non-trivial S-matrix. This opens 
the way for addressing a host of other interesting questions : what are the effects of 
backreaction, and of open- and closed-string radiation, when string interactions are turned 
on? How does the boundary state for an undulating D-brane capture its non-trivial time- 
dependence? What is the holographic description of string theory in the background of 
a large collection of undulating branes? On a different register, does the linearity of the 
coupling to D-brane plane waves impose constraints on the non-abelian extension of the 
Dirac-Born-Infeld action? And finally, what can we learn about high-energy scattering, and 
about the fate of cosmological singularities 3 in string theory? The fact that the worldhseet 
theory is massless and free should make some of these questions quite tractable. I hope to 
return to them in a forthcoming publication. 

Apart from their relevance to superstring theory, the results of this paper could be 
also of interest in the context of large cosmic strings. As I will argue later, in section 
8, the simplified model studied here could be relevant for a cosmic string passing near a 
source of strong gravitational waves. The coherent excitation of the string may result in 
a teleportation of the signal, assuming radiation damping can be neglected. This question 
deserves, as I will explain, further investigation. 

The plan of the paper is as follows : 

• Section 2 introduces the basic backgrounds, which are parallel D-branes with plane 
Born-Infeld or vibration waves on their worldvolumes. I explain why these are exact 
supersymmetric backgrounds of superstring theory with arbitrary temporal profiles, and 
compute their total momentum and energy. 

3 My interest in these backgrounds has been motivated by the analogy between null brane 
intersections and orbifold singularities, advocated in ref. [20]. 



• In section 3 we will solve the classical equations of motion for an open string with 
both endpoints on the same undulating D-brane. I discuss the point-particle limit, and 
comment on the similarities between plane-fronted gravitational waves and brane waves. 

• Section 4 generalizes the solution to open strings with endpoints on distinct D- 
branes, or in T-dual language to strings charged with respect to an electromagnetic pulse. 
The main novel feature in this case, is that the wave can impart momentum to the string, 
even in the limit of extremely long wavelength. The reason is that the string stretches as 
the D-branes separate, or, in T-dual language, that charges can accelerate in the field of a 
plane electromagnetic pulse. 

• Section 5 presents the quantization of the open string in the wave background. 
I calculate the exact S-matrix, paying particular attention to zero modes, and derive the 
excitation probabilities and average mass squared of a string that was initially in its ground 
state. The string emerges in a coherent state, dictated by the temporal profile of the pulse. 

• Section 6 is devoted to the long-wavelength limit of the classical solution. I derive 
a systematic multipole expansion in powers of a'p + , or equivalently of derivatives of the 
background fields, and show that it describes a string surfing on the wave and emerging 
behind it adiabatically elongated or contracted. String excitation cannot be seen at any 
finite order of this multipole expansion. 

• In section 7 we will consider the opposite limit of shock waves, and of waves with 
cusps and kinks. We will see how an incident (primary) short pulse transmits a (secondary) 
clone pulse on the string, which carries away a fixed fraction of the incident energy and 
momentum. We will also consider other, potentially violent phenomena, such as reso- 
nances and null brane intersections, and comment on the analogy of the latter with null 
singularities in orbifold models. 

• In section 8 we will ask under what conditions coherent string excitation can be 
observed in nature. I comment on highly energetic cosmic rays in laser beams, and on 
large cosmic strings near strong sources of gravitational waves. These latter could be 
relevant to the experimental search for gravity waves. 

Let me finally note that to keep the paper short, I focus mainly on the bosonic degrees 
of freedom of the string in what follows. Incorporating explicitly the fermions does not 
present great difficulties, and might have obscured our discussion. In the context of cosmic 
strings, or of effective QCD strings, the fermions are anyway not required. For fundamental 
strings, on the other hand, supersymmetry will be always implicitly present. It guarantees 
that the background configuration is stable, and that one can try to define a perturbative 
S-matrix around it. 



2. Travelling Waves on a D-brane 

Figure 1 shows a D-string with a wave of arbitrary temporal profile travelling at the 
speed of light in the (negative) Ol direction. Also shown in the figure is a reference, static 
and straight D-string. The background spacetime is flat, with coordinates 

x° ± x 1 

x M = (x + ,x~,x.) , where x ± = — -j= — and x G R 8 . (2.f) 

The D-strings are described in static gauge by the embedding 

Y ± = ( ± , Y = Y(C + ). (2.2) 

Here, and throughout this paper, we use Y~ M (C a ) to denote the spacetime embedding of a 
D-brane, and X^((j, r) for the embedding of a fundamental string. The reference D-string 
of Figure 1 has Y = 0, while for the undulating one Y = (Y 2 , • • • , Y 9 ) is an arbitrary 
vector- valued function of ( + . 



reference D-string 



D-string with 
a pulse 




Fig. 1: A static, straight D-string (left) and a D-string with a wave travelling in 
the downward direction at the speed of light (right). The wiggly lines are open 
fundamental test strings moving in the opposite, upward direction. Since there 
is neither dissipation nor dispersion, the pulse keeps its profile and energy at all 
times. After its passage, the D-string is displaced by b in the transverse space. 



The undulating D-string is an exact, consistent background of open-string theory for 
any choice of the shape function Y(£ + ). This may not seem obvious at first, because the 
effective Dirac-Born-Infeld equations for a D-brane receive a' corrections, which generally 
depend on the extrinsic curvature [30] [31]. One can, however, argue directly in conformal 
field theory that the boundary operator 



which describes the coupling of the open string to the background wave, is marginal for 
any choice of the profile function. This is so because the free worldsheet field X + (a, r) has 
vanishing OPEs both with itself, and with the transverse-coordinate fields X(cr, r). An 
alternative but equivalent argument is that all potential contributions to the spacetime 
equations for Y(£ a ) are zero, because terms having a lower 'minus' index vanish, while 
those without a minus index cannot be contracted. 

Actually the above configuration is not only consistent, but it is also 1/4 supersym- 
metric. If e and e are the two Weyl-Majorana supersymmetry parameters of type IIB 
theory, then the unbroken supersymmetries obey 



where IT is the product of 7 matrices along the directions of the reference brane (up to a 
phase [32]). Supersymmetric strings with travelling waves have been discussed widely in 
the literature, both in the supergravity approximation [33] , and more recently as consistent 
configurations of D-branes [34] [35] [36] [37] . They play an important role in the study of 
string dualities, and in the statistical description of near-extremal black holes. 

The wave illustrated in Figure 1 dies out asymptotically, meaning that Y goes to 
constant values in the distant future and in the distant past. This guarantees that the 
pulse has finite energy, and that we can define asymptotic states for the scattering problem. 
By an appropriate choice of the origin of coordinates we can set 





lie = e and 7 + e = , 



(2.4) 



Y(-oo) = and Y(+oo) = b . 



(2.5) 



We will relax this condition, and consider infinite wave trains towards the end of this paper. 
Until further notice (2.5) will be, however, implicitly assumed. 



By the standard rules of T-duality (see for instance [32]) one can map the undulating 
D-string to an equivalent higher-dimensional D-brane, with a plane electromagnetic wave 
on its worldvolume, 

Yi((+) = 2W^(C+) • (2.6) 

This is a homogeneous, generally non-monochromatic, electromagnetic wave. In what 
follows, I will mostly use the geometric language of undulating D-branes, which is easier to 
visualize. All the results will, however, apply with little change to plane electromagnetic 
waves interacting with the endpoints of an open string. 

To conclude this section, let us calculate the energy and momentum carried by a pulse. 
To leading order in the a' expansion this is given by the variation of the Dirac-Nambu- 
Gotto action for the D-string, 

T "» = ~ 2T ° I ^ 9 -5§§ ' (2 ' 7) 

where g is the determinant of the induced metric, To the tension of the D-string, and 
the spacetime metric. Using the identity 

g G 9 ^ x) = 9(0 9 ab daY»d h Y v {xf> - y>(0) , (2.8) 

and the special form of the induced metric in our problem, 

9++ 9+- 

(2.9) 




9-+ 9- 

one finds the following non- vanishing components of the energy-momentum tensor 

= T D 5 (8) (x- Y(C)) x ld+Y-8+Y . (2.10) 

Note that the right-hand side is a function of x + = ( + . Subtracting the energy- momentum 
tensor of the static reference D-string, and integrating over R 9 , gives the total energy and 
momentum of the pulse : 




^ + uise = and P- Ise = T D I ^ d + Y ■ d + Y . (2.11) 



Finiteness of the energy requires that Y grows at most like la;" 1 "! 1 / 2 at infinity, a weaker 
condition than the assumption (2.5) that we already made. 



The semiclassical configuration (2.2) is a coherent superposition of open strings, mov- 
ing in the downward direction at the speed of light. In terms of the Fourier components 
of Y, 

Y(x+)= [°° ^ yip') e^~* + , (2.12) 

J-oo P 

the total energy-momentum of the pulse reads 

/•OO 

P^ se = ^T D dp-\y(p-)\ 2 . (2.13) 
Jo 

The average density of open strings with momentum p~ is therefore 

p~ < n(p~) > = 4tvT d \y(p-)\ 2 . (2.14) 

Since T D ~ 1/<7 S , this density is very large at weak string coupling. Fluctuations in the 
density are subleading, 5n ~ o(y / n), consistently with the semiclassical treatment of the 
pulse. Note that if Y dies out more slowly than ~ l/x + at infinity, the average number 
density of open strings diverges in the infrared. 

3. Neutral Test Particle and String 

We turn next to the analysis of open strings moving in the background of such trav- 
elling waves. There are two types of open strings : (a) those illustrated in Figure 1, which 
have both endpoints on the same D-brane, and (b) those with endpoints on two distinct 
D-branes (see Figure 2). In the T-dual language, the former correspond to neutral strings, 
while the latter are charged with respect to the electromagnetic wave. I will consider the 
neutral case first, and extend the analysis to charged strings in the following section. I will 
also first solve the classical problem, and then proceed to quantize the string in section 
5. The study of the second-quantized theory, and in particular of the backreaction of the 
string on the travelling wave, is postponed to a future publication. 

Before analyzing relativistic strings, it is instructive to first consider a point particle 
confined to move on the D-string of Figure 1. The net effect of the pulse on the particle 
is a time delay, and a displacement b in the transverse space. Nothing else can happen to 
the particle, since (a) its momentum p + is conserved, (b) there are no internal degrees of 
freedom to excite, and (c) the mass-shell condition 2p + p~ = m 2 implies that p~ is fixed in 



the asymptotic past and future. To calculate the time delay of the particle, let us define 
flat coordinates on the D-string, 

(+ = x+ and C=x~- \ J X {d + Yf . (3.1) 

In these coordinates g a p = r) a p and the particle's worldline is a straight line : = p ± r. 
Thus, in terms of the original spacetime coordinates we have : 

1 f P+T 

X + (r)=p+T and X~(r) =p~r+ - / (d+Y) 2 . (3.2) 

2 J-OC 

Comparing with the worldline on a straight reference D-string, for which = p^r, we 
see that the passage of the wave leads to a net total shift of X~ by an amount 

i p+oo p— 

8X-="- J ^ (d + Yf = . (3.3) 

The second equality in this expression follows from eq. (2.11) . The positive-definite shift 
of X~ implies that the particle on the undulating string reaches any given point far behind 
the pulse later than if it were moving on the reference brane. 

The above results are strongly reminiscent of the physics of gravitational waves. 
Particles crossing, for example, a gravitational shock wave [38] [39] experience a shift 
SX~ oc GnP~, reminiscent of the delay (3.3) . The passage of a gravitational wave 
burst can cause, furthermore, a net transverse displacement, like b, an effect known as 
the 'memory' of the wave [40] [41]. These similarities should not come as a surprise, since 
our point particle couples to the induced metric (2.9) , which has precisely the Brinkmann 
form of a plane-fronted wave. The reader may here object that in a real gravitational wave 
g ++ must depend on transverse coordinates, since otherwise Ri+j+ = and the spacetime 
is everywhere flat. The transverse space is, however, effectively 'deconstructed' in our case 
by juxtaposing several D-strings, each with a different wave profile Y(x + ). The time delay 
(3.3) , in particular, arises because we compare motion on the undulating D-string, to 
motion on a static reference D-brane. 

Consider next a relativistic open string in the background of the travelling wave. The 
embedding coordinates of the open string obey the usual free-wave equation 



(a T 2 -a^(a,r) = o, 



(3.4) 



and Virasoro conditions 



d+X" d+X^ = d-X^ d_X^ = , (3.5) 

where d± = \{d T ± d a ). Since the center-of-mass momentum p + is conserved, we can go 
to the lightcone gauge in which 

X+ = 2a'p + r and 2a'p + d ± X~ = d±X • d±X . (3.6) 

We set from now on 2a' = 1. As usual, one can solve the Virasoro conditions for X~ (a, r) in 
terms of p + and of the transverse coordinates X(cr, r). The latter must obey the boundary 
conditions 

X((t,t) = Y(p+r) at a = or n , (3.7) 

since both string endpoints lie on the worldline of the undulating D-string. Equations (3.4) 
and (3.7) define a linear problem, in which the wave profile Y(p + r) enters as a source. 
This should be contrasted to other electromagnetic backgrounds [42-44] which, even when 
they leave the string equations linear, modify at the least their homogeneous part. 

The general solution to the above linear problem can be written in two different ways 
as follows : 

X = X in + 5X in = X out + 5X out , (3.8) 

where X in ( out ) are general solutions to the homogeneous problem long before (or after) 
the passage of the pulse, and 5X in ( out ) are special solutions (up to a constant) that vanish 
at t — > — oo (+oo). Since X in and X out obey standard Dirichlet conditions at both string 
endpoints, their mode expansions are of the usual form : 

X in (a,r) = V - ai in ) e~* nT sin(na) , (3.9) 
n 

and 

X out (a,r) = b + V- ai out ) e~™ sin(na) . (3.10) 

n 

Our main new result is the following exact expression for the special solutions : 

<yX in (<7,r) = F in (r-(T, p+) + F in (r + a-n, p+) , (3.11) 



and similarly for 'in' replaced by 'out', where the functions F in ( out ) are defined by the 
following alternating sums : 

co 

F in (a,A) = (-) N Y(\a-\N7r) , (3.12) 

AT=0 

and 

CO 

F ou t(a,A) = -J2 (~) N [Y(Aa + AiV7r)-b] . (3.13) 

N=l 

To check that the boundary conditions (3.7) are indeed satisfied, the reader should note 
that the function defined in (3.12) obeys the relation F in (r,p + ) +F in (r — 7r,p+) = Y(p + r), 
and that a similar relation holds for the function F out . Furthermore, for p + strictly positive, 
5Xi n vanishes in the asymptotic past provided that Y goes to zero fast enough, and the 
same is true for 5X out in the asymptotic future. 

Equations (3.8)-(3.12) are the complete solution to the initial- value problem, whenever 
the alternating sum Fj n (a, A) can be defined. Note that in the p + — > limit, the solution 
reduces to a point-like string riding the wave at constant values of x + and of X = Y(x + ). 
When p + the string collides inevitably with the travelling wave, and will emerge 
in general with different momentum p~ and mass M. We will analyze this process in 
detail, for various wave profiles and in different physical contexts, in the following sections. 
First, however, I will generalize the above solution to the case of an open string stretching 
between two different D-branes. 

4. Charged Particle and String 

This more general situation is illustrated in Figure 2. The oriented open string has 
its left endpoint on one D-string, and its right endpoint on another. The travelling waves 
on these two D-strings are a priori different, and can be decomposed into a synchronized 
and a relative motion : 

Y left = Y(x+) + Z(x+) and Y right = Y(x+) - Z(x+) . (4.1) 

This configuration is still a consistent, 1/4 supersymmetric background of open-string field 
theory. The boundary conditions in light-cone gauge are : 

X(0, r) = Y left (p+r) and X(tt, t) = Y nght (p+r) . (4.2) 

Clearly, in the absence of the relative wave the problem reduces to the one of the previous 
section. Our task here is to generalize the solution to the case of non-trivial Z(x + ). 



left 
D-brane 



right 
D-brane 




F string 

Fig. 2: An open string stretching between two D-branes with different plane-waves 
on their world volumes. The passage of the wave train can change the distance 
between the two D-branes, and hence also the minimal mass of the string. In the 
T-dual configuration this corresponds to a charged string picking up transverse 
momentum in the electric field of the wave. 



The general solution can be again written in the form (3.8) , where X in ( out ) are 
the asymptotic fields that obey conventional Dirichlet boundary conditions, and 5X in ( out ) 
vanish in the distant past (or future) as before. To be explicit, let us assume that Y has 
the asymptotic limits (2.5) , while 

Z(— oo) = 7rw in and Z(+oo) = 7rw ou t , (4.3) 

so that the passage of the pulse changes the inter- brane distance from 27rwi n to 27rw out . 
Then the asymptotic 'in' and 'out' fields read : 

X in (a,r) = w in (tt - 2a) + ]T - a£ n > e~ inT sin(na) , (4.4) 

and 

X out (a,r) = b + w out ( n -2a) + T- a£ out ) e~ inT sin(na) . (4.5) 

z — J n 

Furthermore, since the problem is linear in the external fields, the special solutions are 
those given in the previous section, plus an extra contribution that takes care of the 



(4.6) 



relative motion of the branes Z(x + ). Explicitly : 

5X in (a,r) = F in (r-a, p+) + F in (r + a-n, p+) 

+ G in (r - a, p + ) - G in (r + a - tt, p + ) , 

where F in is defined as in (3.12) , and 

oo 

G in (a,A) = [Z(Aa - AiVyr) - 7rw in ] . (4.7) 

N=0 

Similarly 



5X out (a,r) = F ou t(r-cr, p+) + F out (r + a - n, p+) 

+ G out (r - a, p + ) - G out (r + a - tt, p+) 
where F out is given by equation (3.13) , and 



(4.8) 



G out (a, A) = -J2 [Z(Aa + AiVyr) - 7rw out ] . (4.9) 



N=l 



The new boundary conditions (4.2) are satisfied thanks to the identity : Gj n (r, p + ) — 
Gi n (r — 7r,p + ) = Z(p + r), which the reader will have no trouble to verify. Clearly the 
solution (4.6) reduces to the one of the previous section when Z(x + ), and hence also the 
sums G; n and G ou t7 are set to zero. 

It is instructive to dualize the above solution, so as to describe an open string coupled 
to Born-Infeld electromagnetic waves. The T-dual gauge fields are 

A ± B = (27ra / )" 1 (Y±Z) . (4.10) 

The open string is charged with respect to the field £?, and couples as a dipole to the field A. 
The classical string trajectory is readily obtained by changing the sign of the right-moving 
part of the transverse coordinates, <9±X — > =F<9±X . This is the action of a T-duality 
transformation on the worldsheet [32]. In the case at hand we find X' = X[ n + 5X( n , with 



X;>,r) = Pin r - J2 ~ a n n) e~ inT cos(na) (4.11) 

n/0 



and 

5X( n (a,r) = F' iQ (r-a, p+) - F[ n (r + a - tt, p+) 

(4.12) 

+ G; n (r - a, p+) + G[Jt + a - tt, p+) , 



where 

oo 

F[ n (a,A) = 7T (-) N M^a-XNn) (4.13) 

N=0 

and 

oo 

G[ Q (a,X) = n B(Aa — XNn) . (4.14) 

N=0 

We have here used a gauge transformation to set A(— oo) = B(— oo) = 0. Notice that the 
asymptotic brane separation 27rw in has been mapped here to transverse momentum in the 
initial state. Equations (4.11) - (4.14) are the complete solution to the problem of an open 
string coupling to two parallel plane electromagnetic waves. 

Before discussing further the above solution, it will be again useful to comment on its 
point-particle limit. The novelty with respect to our discussion in the previous section, is 
that a charged point particle can now accelerate in the electric field of the wave B(x + ), 
and emerge with a modified momentum 

Pout - Pin = -q B(+oo) . (4.15) 

This follows by integrating the equation of motion 

d dX v . . 

m— j-5- = qF^—— , (4.16) 
dr z dr 

where F + j = d+Bj, and q is the charge of the particle that I assumed minimally coupled. 
Since p + is always conserved, and p~ = (p 2 + m 2 )/2p + in the asymptotic regions, it 
follows that the momentum p~ will also generally change in the process. This possibility 
of net momentum transfer even in the point-particle limit is the main difference between a 
charged and a neutral string. Notice that for a neutral particle, the invariant momentum 
transfer t = (p ut — Pin) 2 is zero, because both p + and the transverse p are conserved. 

In the original T-dual picture of Figure 2, momentum transfer corresponds to the 
elongation (or contraction) of the open string, due to the net relative displacement of the 
D-branes. This duality has been invoked previously in [45] in order to give a 'soap-bubble' 
interpretation of the high-energy behaviour of the Veneziano amplitude. Note also that 
the above analysis can be extended easily to 'mixed' situations, such as the Dp/D(p+4) 
system carrying both vibration and electromagnetic waves. Rather than guessing the 
special solutions, as we have done here, it is however preferable to construct them directly 
using the Green functions on the worldsheet. This brings us naturally to the issue of first 
quantization, to which we will next turn our attention. 



5. First Quantization 

The quantum mechanical evolution of the string is described by a unitary operator 
acting on the asymptotic incoming Fock space. This Fock space is constructed as usual, 
by interpreting the oscillation amplitudes al" 1 ' of the incoming fields (4.4) as creation or 
annihilation operators. In the interaction picture, the evolution operator follows directly 
from the expression (2.3) for the marginal deformation, 

U(t) = Texp(z| T ^Wi(p)) , (5-1) 

where T denotes time ordering, and the interaction Hamiltonian is 

Wi(p) = YieftCp+p) • ^X in (0, p) - Y Yight (p+p) • a CT X in (7r, p) . (5.2) 

Here the tildes signify that the past asymptotic values of the displacement vectors, i.e. 
±7rw in for Yieft and Y rig ht, are subtracted away. Using the definitions (4.1), and the 
expansion of the incoming field (4.4), one finds 

\ HM = £ e~ inp 4 n) ■ Y(p + p) + e ~ lUP a i in) • ( Z (P + P) ~ ™J > ( 5 - 3 ) 

n odd n even 

where we have defined the zero mode aQ = — 2wi n , and the dots denote the vector inner 
product. The worldsheet S-matrix, that maps the incoming states of the open string to 
outgoing single-string states, can be obtained as the limit of the evolution operator, 

S = lim^oo U{t) . (5.4) 

Since the interaction is linear in the incoming fields, whose commutators are just c- 
numbers, we can remove the time ordering of U (r) at the expense of introducing an overall 
real phase (see for instance [46]) : 

U(t) = exp (id!) x exp (i J ^ Hi(p) ^ , (5.5) 

where 

^ J oo J oo 71 

Note that Hi(p) is a Hermitean operator, so 5± is indeed a real phase. It is a function of the 
momentum p + , and of the charge sector of the open string, but does not depend otherwise 



on the incoming state. For a neutral string in the adiabatic limit (see next section) this 
phase shift should be proportional to the time delay (3.3) . More generally, it can be 
evaluated explicitly, but this will not concern us any further here. 

Let us instead consider the string-coordinate operators, which can be expressed in the 
Heisenberg representation as follows : 

X(r, a) = X in (r, a) + 5X in (r, a) = U(t)- 1 X in (r, a) U(r) . (5.7) 

Using the equation (5.5) and the identity 

e~ A B e A = B + [A, B] , 

valid whenever the commutator [A, B] is a c-number, one finds 

5X in (r,a) = -i I ^ [H(p), X in (r,a)] . (5.9) 

J-oo 7T 

Plugging in the expression (5.3) for the interaction Hamiltonian, and using the canonical 
commutation relations 

[c4,<] = m 5 m+n S ij , (5.10) 

as well as the identities 

e ina =n J2 S(a-mn) , (5.11) 

n even m= — oo 

and 

oo 

£ e ™ =n (-rS(a-mn) , (5.12) 

n odd m= — oo 

gives precisely 4 the expression (4.6) for 5X in . In fact, the above argument is an alternative, 
direct derivation of this expression, which can be extended easily to the general 'mixed' 
situations mentionned in section 4. It is of course not surprising that the semiclassical 
approximation is exact, since the interaction Hamiltonian is linear. 

4 The contribution of the zero mode in this calculation is subtle. It arises because in the 
expansion (4.4) for the quantum field, one must include the dual position operator that has a 
canonical commutation relation with ao. 



(5.8) 



We concentrate now on the S matrix, which describes the outgoing states of the open 
string long after the passage of the wave. Combining equation (5.3) with our definition 
(2.12) of the Fourier transforms we find : 



% 



[ OO ^H 1 = i h + £ - af) • y(n/p + ) + £ * a£ n > • z(n/p + ) , (5.13) 



n odd n evened 



where y and z are the Fourier transforms, respectively, of Y and Z, and h is the contri- 
bution of the zero modes, 

ho = 2 r ^ 4 n) ■ (Z(p+p) - 7rw in ) . (5.14) 

J-oo 7T 

Notice that a[, m ' ) is here an operator, while w in is the asymptotic value of the wave. 
The integral (5.14) diverges whenever w out ^ w in , i.e. when the string is elongated (or 
contracted) by the wave. In this case h = 2(w out — w in ) • x , where x is the pseudo- 
position operator that is canonically conjugate to a[, m ^. This statement can be understood 
easily if one considers a charged particle in an electromagnetic pulse, for which the S-matrix 
must obey the relation S ,_1 pi n 5' = p ou t — Pin- 
Let us consider finally the oscillator contributions to the S-matrix. Using the well- 
known identity, valid for a c-number commutator, 

e A+B = e A e B e [A,B]/2 ^ (515) 

we can put the S-matrix in normal-ordered form : 

S = exp (iSt -S 2 )x : exp (i J ^ Hi(p) ^ : , (5.16) 
where the imaginary phase 62 can be extracted easily from the expression (5.13) , 

5 2 = J2 - 1 1 2 + E - 1 < n /p + ) 1 2 • ( 5 - 17 ) 

z — / n z — / n 

n=l,3,.. n=2,4,.. 

Equations (5.13)- (5.17) are the main result of this section. They give the exact S-matrix 
of the open quantum string in the background of an arbitrary plane wave. 

A string initially in its ground state will emerge in the coherent superposition S\ p + >i n 
after crossing the pulse. The imaginary phase 5 2 determines the probability for the string 
not to be excited by the wave, 



(5.18) 



Notice that the synchronized wave, Y(x + ) 1 excites the odd frequencies of the string, while 
the relative wave, Z(x + ), excites the even frequencies. This, and the zero-mode contribu- 
tion, are the only differences between these two types of wave. The average square mass 
of the outgoing string, taken initially in its ground state, is 

< M 2 > = 4wL + 32 x ( I y( n /P + ) I 2 + E I < n lv + ) I 2 ) • ( 5 - 19 ) 

\ n=l,3,.. n=2,4,.. / 

As can be easily seen, the excitation probabilities vanish in the limit p + — * 0, provided 
the shape of the background pulse is smooth (i.e. it does not contain arbitrarily high 
frequencies). This is the adiabatic limit, to which we will now turn our attention. 



6. Multipole Expansion 

The results of the previous section make it clear that the most relevant parameter 
in the problem is up + a' , where uj is the characteristic frequency of the pulse. In general 
a pulse will have many frequencies, possibly inside different bandwiths. If the maximal 
characteristic frequency is sufficiently small, 

Wmax P + Ol' < 1 , (6.1) 

the excitation probability will be practically zero. The string will surf in this case on the 
wave, and emerge behind it having suffered at most an adiabatic elongation or contraction. 
Of course, when p + = the string rides the wave forever, it is indeed indistinguishable 
from the massless strings that make the wave. 

We can study the low-frequency limit in more detail with the help of the Euler- 
MacLaurin formula, which expresses the difference between a discrete sum and the corre- 
sponding integral : 

oo „ x oo _ 

E ne ) = / *v f(y) + o /(*) + E Vt e2r / (2r_1) (^) • ( 6 - 2 ) 

n=0 J -°° 1 r=l r - 

Here B n are the Bernoulli numbers , Bi = 1/6, B4 = —1/30 • • •, and e a small expansion 
parameter. Using this formula we can express the function G; n (x/A, A), given by the 
discrete sum (4.7) , as an asymptotic power series in A for fixed x : 

1 f x 1 00 R 

G in (:r/A, A) = — J dy Z(y) + - Z(x) + E Z (2p_1) ^) , (6-3) 



where Z = Z — 7rw in as previously defined. The function F in (x/X, A) given by the alter- 
nating sum (4.8) can be expanded similarly. One uses the Euler-MacLaurin formula for 
the even and odd terms of the sum separately, and then performs a Taylor expansion of 
their difference. The first few terms of the resulting series are : 

FinOr/A,A) = \y(x) + ^Y'(s) - { ^Y'"(x) + ••• (6.4) 

with primes denoting derivatives of the function Y. All higher-order terms are of course 
easy to compute, if necessary. 

We want to insert these expansions in the equation (4.6) for the string coordinates. 
It is convenient to define a = n/2 — cr, so that the center of the open string is located 
at a = . The arguments of F in and Gi n in (4.6) are A = p + and x = x + — e, where 
e = p + (n/2 =F<5~). We need therefore to further expand (6.3) and (6.4) in powers of e. After 
some lengthy but straightforward algebra one finds : 

G in (r - a, p + ) - G in (r + a - tt, p + ) = 

(6.5) 

= (Z-7rw in ) (2<7/7r) + Z" (p+) 2 (a 3 /37r-7ra/12) + o ( Z( 4 )(p+) 4 ) , 

and 

F in (r-cr,p+) + F in (r + (T-7r,p+) = 

(6.6) 

= Y + Y" (p+) 2 (a 2 /2 - tt 2 /8) + o ( Y( 4 )(p+) 4 ) . 
The functions Y and Z and all their derivatives are evaluated in the above expressions at 
x + = p + r. Putting together everything, we arrive at the following small-p + expansion of 
the transverse string coordinates, expressed as functions of the lightcone time x + and of 
the string parameter a : 

5X in = Y + (Z-ttw*) f + (p + ) 2 (Y" +| Z ")(y-y) + o((p+) 4 ) . (6.7) 

As a check of the above result, notice that it obeys the free worldsheet equation, 
(d^—d?) 5X in = 0, and the boundary conditions X in +5X in = Y±Z at a = ±7r/2. Allowed 
terms in the expansion respect, furthermore, two discrete symmetries : (a) invariance under 
orientation flip (cr — > —a) combined with an exchange of the two D-branes (Z — > — Z) , 
and (b) invariance under time reversal on the worldsheet (r — > — r) combined with the 
spacetime reflection x ± — > — x ± . It is this second symmetry that explains the absence of 
odd-derivative terms in (6.7) . We can in fact use these discrete symmetries, together with 



the linearity of the response, the free-wave equation and the boundary conditions, to give 
an alternative systematic derivation of the multipole expansion. 

Let us evaluate the series (6.7) at a time x + , long after the passage of the pulse. Since 
the derivatives of Y and Z go to zero, only the first two terms of the series survive. They 
describe an open string which emerges from the wave in its initial state of oscillation, given 
by Xi n . The linear term in 5~X. in corresponds to an adiabatic elongation or contraction, as 
expected. The process of string excitation (or the inverse process) is not, in other words, 
visible at any finite order of the small-p + expansion. 

Before concluding this section, it is instructive to consider also the T-dual problem of 
an open string in an electromagnetic wave. The classical trajectory, eqs. (4.11) and (4.12), 
can be expanded easily with the help of the Euler-Maclaurin formulae (6.3) and (6.4). The 
first few non-trivial terms are : 

5X( n = 2 f B(y) dy + p+B' (a 2 - tt 2 /4) + p+A' yra + o{ (p+) 5 ) . (6.8) 

J — oo 

The first term comes from the monopole coupling to the gauge field B, while the third term 
is due to the leading, dipole coupling to the gauge field A. To check this, note that a pair 
of opposite unit charges have the following dipole coupling to the electromagnetic field, 
5C = r^X u + • • •, where X and r are the center-of-mass and relative positions. For a 

plane- fronted wave, and in lightcone gauge, this gives 5C = —p + A' ■ r H . If the charges 

are connected by a string, there is furthermore a tension energy equal to r • r/(47r 2 a'). 
The minimum of the energy is thus at r = 5X.[ n (ir) — <5X[ n (0) = p + A'n 2 , in full agreement 
with the third term in (6.8). 

7. Shock waves, Boomerangs and Other Beasts 

The failure of the multipole expansion to describe the process of string excitation 
is most evident in the limiting case of a 5-function pulse. Consider a pulse propagating 
entirely on the left D-string in Figure 2. This corresponds to the choice 

Y(x+) = Z(x+)-7rw in = ^Cd(x+) , (7.1) 

with C an arbitrary polarization vector. We assume also, for definiteness, that the open 
string is initially in its ground state and at rest, so that its energy equals tension times 
length, p + = p~ = \f2 |wi n |. Its classical worldsheet at later times is given by the 



right-hand-side of equation (4.6). This is a sum of 5-functions, which in the time interval 
Nttp + < x + < (N + l)7rp + is equal to : 

( for N < 

5X in = I C 5(x+ - p+a - Np+n) for N>0 even (7.2) 

{ -C 5(x+ -p+(7t-a)- Np+n) for > odd . 

This time-dependence can be visualized in Figure 3. The primary pulse propagates initially 
on the left D-string, and reaches the endpoint of the fundamental string at time x + = 0. 
There it sends a clone ripple down the open string, while continuing on its way unchanged. 
This sounds like a violation of energy, but recall that in the zero-string-coupling limit, 
in which we here work, the D-string tension is infinite and back reaction can thus be 
neglected. After the D-brane ripple has left the scene, its clone on the fundamental string 
keeps bouncing back and forth, fliping sign after every reflection. Clearly, this behaviour 
cannot be captured by the multipole expansion, which 'predicts' that the open string must 
return to its ground state adiabatically, after the pulse has left. 

Two remarks are here in order. First, one may wonder how the pulse can be trans- 
mitted when the polarization vector C points in the direction of the stretched string. The 
answer is that in the lightcone gauge the reparametrization invariance is completely fixed, 




(a) (b) (c) 

Fig. 3: Three snapshots of the stretched open string (a) before being hit on the 
left by the pulse, (b) immediately after, and (c) after the secondary pulse has been 
reflected once at the right endpoint. The string's recoil in the direction of the pulse 
is not accurately depicted by this drawing. In the second-quantized theory, open 
and/or closed strings will be radiated away in the process. 



so longitudinal oscillations are physical. The second, more important remark, is that for 
a primary wave of arbitrary shape, the secondary ripples on the open string are given 
by superposing the solutions (7.2) . This follows from the linearity of the problem, and 
the fact that any temporal profile is a superposition of 5-function pulses like (7.1). Thus, 
any smooth pulse of sufficiently short duration will give the same qualitative behaviour 
as illustrated in Figure 3. Pulses of longer duration, on the other hand, will lead to 
constructive or destructive interference between the disturbances entering the string from 
the left, and those bouncing back and forth between its endpoints. 

It should be stressed that although the transverse coordinates X respond linearly to 
the wave, the same is not the case for the light-cone coordinate X~ . This is fixed by the 
Virasoro condition (3.6) , which implies that X~ is a quadratic function of the primary 
pulse. Note in particular that the string recoils after being hit by the pulse, as can be 
deduced from the expression for the center-of-mass momentum 



The net recoil, 5p~ = p~ ut —p^, diverges for a 5-function pulse, and so does the expectation 
value (5.19) of the mass squared operator in the quantum problem. This is not surprising, 
since the wave carries infinite energy and momentum in this limit. For a smooth but 
sufficiently short pulse (for which the interference terms can be neglected), one finds 



where Tp = (2ira')~ 1 is the tension of the fundamental string, and we have used equation 
(2.11) . Thus the outgoing string carries away a fixed fraction of the incident p~ momentum 
in this limit. Note that since To ~ l/g s , this fraction is vanishingly small at weak string 
coupling and the back reaction can be indeed neglected. 

The effects of an incident pulse with a cusp (or kink) can be analyzed similarly with the 
help of equations (5.17) and (5.19). If Y, or Z, behave like near the cusp, then their 

Fourier transforms y(u), or z(u), vary at high frequencies like Since 82 converges 

for all (positive) values of (3, the string has a finite probability to traverse the pulse and 
remain in its ground state. The average mass squared of the outgoing string would, on 
the other hand, diverge for (3 < 1/2. This is precisely the range of f3 in which the integral 
(2.11) for the energy and momentum of the D-brane also diverges. We conclude that cusps 
are acceptable singularities, as long as they transport finite energy and momentum. 




(7.3) 



5p ~ 




pulse ' 



(7.4) 



Having discussed the high-frequency components of the wave, let me next comment 
on other potential sources of divergent behaviour. One such source is of course a highly 
monochromatic wave, which can produce resonnant excitation of the open string. As an 
example, consider the following helical D-string : 

Y 2 + iY 3 = Ce iuJ ° x+ <^> y 2 + zy 3 = Cu5(u-u G ) . (7.5) 

The 5-function makes a divergent contribution to (5.19), whose origin is however easy 
to isolate. Indeed, using Fermi's golden rule for a wave train of total duration T, and 
assuming that the incoming open string has a smooth wavefunction i(j(p + ) in momentum 
space (normalized so that J dp 1 \^(p + )\ 2 = 1) we find : 

RT 

< M 2 > = — C 2 u 2 x V | tfj(n/iv ) | 2 . (7.6) 

n odd 

Thus, for an incoming open-string wavepacket, the divergence is regularized by the finite 
duration of the pulse. Notice that the energy drained out of the wave by the string grows 
only like the square root of time. 




(a) (b) (c) 

Fig. 4: Three configurations discussed in the main text : (a) regularized null 
D-brane scissors, (b) a boomerang, and (c) a monochromatic wave. 



A different type of infrared problem occurs for the null D-brane scissors discussed in 
ref. [20]. In this configuration Z grows linearly with x + , leading to an infinite adiabatic 
elongation of the stretched strings. As a result, there are no normalizable states for the zero 
modes except when p + = [20]. To isolate this problem, let us regularize the large-time 
behaviour of the profile function. We can choose, for instance, a piecewise-linear profile 
like the one illustrated in Figure 4 : 

{7tw for x > L 

ttwx/L for -L<x<L (7.7) 
— 7tw for x < — L . 

Its Fourier transform can be easily calculated with the result : 

. . . sm(uL) 
z(oj) = -iw — K — — . (7.8) 
u)L 

The 1/u behaviour at high frequencies is characteristic of the abrupt kinks at x = ±L. 
The basic point, however, here is that the sum (5.19), which is a measure of the string's 
excitation, can be made arbitrarily small for large enough L/p + a'. This shows that the 
null brane intersection does not, per se, introduce any singularity, at least at the level of 
first-quantized string theory. 

The configuration (7.7) is an open string analog of the parabolic orbifold 'cosmology' 
[4] [14], in which the 'universe' expansion comes to a stop. The null brane intersection plays 
the role of the Big Bang/Big Crunch singularity, while stretched open strings are analogous 
to twisted closed strings. The intersection point (like the null orbifold singularity) can be 
regularized by an extra shift in one of the spectator dimensions. It was argued in ref. [20] 
that string collisions near the intersection point can catalyze a large backreaction, resulting 
possibly in an intercommutation of the D-strings. This would allow any stretched open 
strings, formed during the collision process, to escape with finite energy to infinity. Indeed, 
after intercommutation each D-string has a boomerang shape, Y 2 (x + ) = Cx + 9(x + ), as 
illustrated in Figure 4b. An open string moving on such a D-brane will pick up momentum 
p 2 = Cp + while making the turn at x + = 0. The string's energy in the outgoing state will 
depend also on its oscillation mass, but as the reader can easily verify, this stays finite for 
finite C (corresponding to a boomerang making an oblique angle). 

A conceptual difficulty from the point of view of the open string, is that the process 
of brane intercommutation looks, superficially at least, non-causal. The string only starts 
stretching after it has crossed the intersection point, by which time it is too late to backreact 
on it. It would be very interesting to see how the issue is resolved in the full second- 
quantized string theory. 



8. From Lasers to Gravitational Waves 

The question we should finally address is whether the coherent excitation of strings, 
discussed in this paper, can occur in a real-world setting. There are three kinds of rela- 
tivistic strings in nature : QCD strings, fundamental strings, and cosmic strings. 5 The 
fundamental and QCD strings are quantum mechanical, while cosmic strings have macro- 
scopic sizes and are to a good approximation classical. Strong coherent radiation fields, on 
the other hand, are either electromagnetic or gravitational. As we have seen, the necessary 
condition for string excitation is 

uj P + >T , (8.1) 

where uq is the characteristic frequency of the wave, and T and p + are, respectively, the 
tension and lightcone momentum of the incident string. The first question is, therefore : 
in what physical settings can condition (8.1) be satisfied? 

The highest-frequency coherent electromagnetic fields are produced by lasers, which 
operate at or near the optical spectrum. Although coherent stimulated emission in the soft 
X-ray region ~ 10-15 nm has been apparently reported (see for instance [47]) most lasers 
have wavelengths larger than a few hundred nanometers. This corresponds to frequencies 
~ 4 — 6 eV at most. The Regge slope of QCD strings, on the other hand, is a' = 
(2ivT)~ 1 ~ (GeV) -2 . Coherent excitation of hadrons in a laser beam is, therefore, possible 
for momenta p + > 10 8 GeV. This is beyond the reach of accelerators, but within the 
upper end of the cosmic-ray spectrum. The flux of cosmic rays at these energies is however 
exceedingly low, roughly one event per m 2 x year [48]. Since the typical size of a laser 
beam is in the range, the rate of events if one placed a laser in outer space would 
still be ridiculously small. Note, however, that since the cosmic-ray flux rises very rapidly 
with decreasing energy (roughly by a factor of 10 3 for each energy decade) a hard X-ray 
or 7-ray laser would fare much better! 

The tension of fundamental open strings is at least six orders of magnitude above the 
tension of QCD strings, and probably closer to the Planck scale. This pushes the required 
momentum p + above ~ 10 14 GeV, far above the GZK cutoff for cosmic rays. 

This brings us to the third possibility, namely cosmic strings [27]. Their tension in 
realistic particle-physics models can range anywhere from the electroweak to the grand- 
unification scale. Strings formed during a phase tansition in the early universe stretch, on 

5 To be sure, the last two kinds have yet to be experimentally detected! 



the other hand, over typical distances r of astronomical size. Since p + ~ Tr , the relevant 
criterion for their excitation is 

u r > 1 . (8.2) 

This puts essentially no restriction on either electromagnetic or gravitational waves. 

The discussion in this paper was, to be sure, about open strings coupling to a plane 
wave through their endpoints. Strictly speaking, this can be realized by 'necklace' strings, 
in which magnetic monopoles play the role of the beads in a necklace [27]. More generally, 
however, one may expect that if the wavefront size is much smaller than tq, so that the 
wave hits the string in a relatively localized region, the results of this paper could be 
carried over. If this were true, then a large cosmic string passing near the source of 
a strong gravitational wave, could transmit a clone of this gravitational burst over an 
astronomically large distance (as in Figure 3). Furthermore, since propagation on the 
string is one-dimensional, the amplitude of the clone wave would stay constant, while the 
amplitude of the primary burst in the bulk of space would decrease as the inverse of the 
distance from the source. This teleportation of the signal might be relevant in searches for 
gravitational radiation. 6 The question is presently being studied. 

Let me finally point out that cosmic string networks are disfavoured as seeds of large- 
scale anistropies, mainly because their non-linear evolution tends to produce incoherent 
primordial fluctuations [51] [52] [53]. 7 It is worth investigating whether the simple model 
discussed here could have any bearing on this issue. 
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For a review of gravitational wave detection see [49]. The string will ultimately release its 
energy either by radiating gravitationally, or by splitting off small loops of string - see for instance 
[27] [50] and references therein. 

Though current CMB data is still, apparently, compatible with a sizable component of cosmic- 
string seeds [54] , and there is also scepticism concerning the validity of the calculations [55] . 
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